FINANCIAL MATHEMATICS.

You have already used the following formulae in Grade 11 :

Simple interest formulaA = P(1 £ in)

Compound interest formula& = P(1+i)"

A = the future value of the money invested
P = the initial amount invested

I = Interest rate as a decimal fraction

n = number of interest bearing periods

It is a good idea first to revise the section of Financial Matlatics in the Grade 11
study guide.

1.| Calculation of theinvestment period (n) in theformulaA = P(1+1i)":

In Grade 11, you were unable to calculate the pergdvhen working with
compound interest. However, now that you have been intedita logarithms
you will be able to calculate the value nfConsider the following example.

Example 1.

Lesiba was awarded a bonus of R4 500 for excellence at hisplaaré. He
invested this money at a rate of 10% per annum compoundedbyand received
R9 646,12 at the end of the period. For how many years was theyravested ?
Solution :

Compound interest .. A= P(1+1i)"

. 9646,12= 45001+ 0,)" (A =9646,12 P =4500:i =0,1)

9646, 12

) _ N .
- T A500 (1+0,1 (Divide by 4500)

. 2,14358...= (1,D" (Smplify LHSand inside brackets on RHS.)
. log2,14358.= log(1, D" (Take logson both sides.)

. log2,14358.= nlogl,1 (loga" = nloga.)



_ log2,14358..
logl,1

. n=7,9999 .. The money was invested for 8 years.

Example 2.

A man invests R15 000 at 12% per annum, compounded monthineAend of
the period he receives R27 250. For what period did he inhestioney ?

Solution :
A=A+
. 27250= 1500Qq1 + %)12" (Compounded monthly ... divide interest
- rate by 12 and multiply n by 12.)
. 27250 _ (1+ %) (Divide by 15000)
. 1,81666..= (1,011
. log1,81666.= log(1,01)*  (Takelogson both sides.)

. log1,81666.= 12nlog(1,01)

_ _ log1,816666
1= log1,01
. 12n = 59,9979

. n=4,9998 (Divideby12)

.. Money was invested for 5 years.

Example 3.

Office equipment depreciates at 16% per annum on the reglbeilance method.
How long will it take before the value of the office equipménhalved ?

Solution :

Reducing balance depreciation ... A= P(1-1i)"



Value halved .. If P = 2x, then A = x.
L X=2X(1-0,16"
; % = (1-0,16"  (Divideby 2x.)
. 0.5=(0,84"
. 109(0,5) = log(0,84" (Take logson both sides.)

. log(0,5) = nlog(0, 84

.- 1og0,5
' log(0, 84
. n=3,9755

. The value will be halved after 4 years.

2.| Futurevalue of an annuity :

When people save money for a specific reason, they do noyalimaest a single
initial amount, but deposit fixed monthly amounts into aiegs account or an
investment fund. Compound interest is paid on the moneysitgubinto the fund.
The future value of an annuity is the sum of all the deposits made, plus all the
interest earned.

Consider the following examples.

Example 4.

Peter would like to buy a new television set in six months’dirde opens a savings

account, and immediately deposits R500 into the accountadd@nues making
monthly

deposits of R500, and makes the last deposit one month hibi®end of the six-month

period. The interest rate on his savings account is 12% permancompounded
monthly.

What will the total balance of his savings account be aftensinths ?



Solution :

Theinterest rateis 12%, compounded monthly .. ﬁ = % =0,01

On thefirst deposit he will recieve interest for 6 months.
. 5001 + 0,01)% = 500(1,01)°

On the second deposit : 500(1,01)°>  etc.

Let's place the deposits Peter made on a number line.

0 1 2 3 4 5 6 months

5001,00%  5001,0)° 500(1,00% 5001,0)°  500(1,00)2  500(1,01)

Therefore, the total amount available after 6 monthswill be :
500(1,01) + 500(1,01)2 + 500(1, 01)2 + 500(1,0D* + 500(1, 01)° + 500(1,01)®

Thisisa geometric serieswith : a = 500(1,01)

_ _ T, _ 5001,0D% _
and r=(1,01 [r = T, = 500(1,01) 1,03

Now calculate the sum of the first 6 terms.

_ar"-1 . g . 500(1,0D[(1,0D°-1]  _
S = —) .S = 1011 = R3 106,77
Example 5.

You start working and decide to deposit R1 000 into a saviegsant each year. The
interest rate is 12% per annum, compounded annually. Whiahwiaccount balance
be after 4 years ? The first deposit was made at the end ofrtig/éiar, and the last
deposit at the end of the fourth year.

Solution :

Let's use the number line again.

0 1 2 3 4 Years



R1000 R1000 R1000 R1000

The first amount was only invested at the end of thefirst year, therefore for 3 years.

Thefirst deposit earnsinterest for 3 years : - A=10001+0,12°3
The second deposit earnsinterest for 2 years : - A=10001+0,12?2
The third deposit earnsinterest for 1 year : . A=10001+0,12

The last deposit was only made at the end of the investment period.
The last deposit therefore earns no interest : . A =1000

Now add all the amounts :
1000+ 100Q(1,12 + 100Q(1,122 + 10001, 123 [(1+0,12-1,12
Thisis a geometric serieswith :

To calculate the total amount after 4 years, we can use the formula for the sumof a

geometric series : S, = %
s = 1A (n=2)
- S = RA779,33

Note the difference between the two examples. In exampleghgment was made

at the end of the period, whereas in example 5 there was a paynaele at the end of

the period.

The following formula is useful when we want to calculate thire value of an
annuity

or a savings plan :

The future value annuity formula:

£ X@+)"-1]
i

where F = Futurevalue

x = fixed payments per period.
I = interest rate, as a decimal fraction.
n = number of payments.

However, this formula can only be used ifiaal payment, that does not earn any
interest,
ismade at the end of the period, as in example 5.



